Chapter 6:  Applications of Integration

Section 6.1:  Areas Between Curves
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, the average value of a function, area between curves, volumes of solids of revolution about the axes or lines parallel to the axes using disc/washer and shell methods, and volumes of solids with known cross-sectional areas.
Objectives:  Students will be able to:  


Find the area between two curves 


Using either x (vertical rectangles) or 


y (horizontal rectangles) as the variable of integration
Vocabulary:  

Area under curve – definite integral of the curve evaluated between two endpoints
Area between curves – definite integral of the height (usually the difference in the curves) evaluated between two point (can be points of intersection or just two arbitrary points)
Key Concept:       Area is a non-negative number.  
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Note: the shaded region is bounded by the x – axis, x = a, x = b and the function f(x).

Using the techniques associated with Riemann Sums, we will begin by dividing the interval [a,b] into n subintervals [xi-1,xi]  where  a = x0 < x1 < x2 < … < xn = b  so each has width  (b – a) / n.
Consider the rectangle with base [xi-1, xi] and height ≤ f(x) such that each rectangle fits under the curve and a second rectangle with height ≥ f(x) such that each rectangle is just outside the curve
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If the graph of y = f(x) is below the x-axis, then 
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 is a negative number and therefore cannot be an area.  However, it is just the negative of the area, bounded by y = f(x), x = a, x = b, and y = 0.
 – 
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Ex 1:  Find the area of the region bounded 
by y = ½ x2 – 2, the x-axis, x = -1 and x = 2.
We can broaden our idea of the area of bounded area between the x-axis, 2 vertical lines (bounds of integration x=a and x=b) and a function, f(x), to the area of a region between two curves, f(x) and g(x) – either between to bounds (lines) or between their points of intersection.
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We can interpret the area of the region between the graphs as the area of the region under the graph of g subtracted from the area of the region under f.

We can use Riemann sums to verify this result.  Assume f and g are continuous on the closed interval [a, b] and 
g(x) < f(x) for all x in [a, b].  Now, partition [a, b] into n subintervals of width (x and height f(xi) - g(xi) where xi is in the ith subinterval and 

Area = hw = [f(xi) - g(xi)] (x.

Sum of n rectangles is 
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Ex 2:  Find the area of the region bounded by  y = x2 + 2, y = - x, 
x = 0 and x = 1.

Ex 3:  Find the area of the region bounded by g(x) = 2 – x2 and the line f(x) = x.  (Hint:  First, find the points of intersection.)

Ex 4:  Find the area of the region bounded by y = x3 – 3x2 – x + 3, the x-axis and x = -1 and  x = 2.

Ex 5:  Find the area of the region bounded by x = 3 – y2 and y = x – 1.  (Note: We need two integrals to find the area with respect to x but only one with respect to y.  Write both.)

Ex 6:  Find the area bounded by x = y2 and x = 3y + 4.
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In general, to determine the area between two curves,

· For vertical rectangles


[image: image5.wmf](

)

2

1

x

x

Atopcurvebottomcurvedx

=-

ò


· For horizontal rectangles
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Ex 7:  Draw the region whose area is represented by 

a.  
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Concept Summary:


In order to find the area between curves we integrate the difference (top-bottom or right-left)
Homework:  pg 442 – 443:  Day One:  1, 5, 8, 13 Day Two:  2, 12, 15, 17 
Read:  Section 6.2
Section 6.2:  Volumes
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include … area between curves, volumes of solids of revolution about the axes or lines parallel to the axes using disc/washer and shell methods, and volumes of solids with known cross-sectional areas.
Objectives:  Students will be able to:  


Find volumes of non-rotated solids with known cross-sectional areas

Find volumes of areas rotated around the x or y axis using 


Disc/Washer method


Shell method

Vocabulary:  

Cylinder – a solid formed by two parallel bases and a height in between
Base – the bottom part or top part of a cylinder

Cross-section – a slice of a volume – an area – obtained by cutting the solid with a plane
Solids of revolution – volume obtained by revolving a region of area around a line (in general the x or y axis).

Key Concepts:
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We can find volume in the same way that we can find area.  Suppose the cross-sectional area of a solid cut by planes perpendicular to an axis is know to be A(x) for each x on the interval [a, b].
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The volume of a typical slice is the base area times the height.  The height is (x so the volume of each slice is approximately A(xi)(x. 
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So, the total volume obtained by this method of slicing cross sections is 
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Some of our cross sections will be perpendicular to the x-axis and the integral will be in terms of x. 
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Some will be perpendicular to the y-axis and will be in terms of y.
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Ex 1:  Let the base of a solid be the first quadrant plane region bounded by 
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, the x-axis, and the y-axis.  Suppose that cross sections perpendicular to the x-axis are squares.  Find the volume of the solid.  

Ex 2:  The base of a solid is the region between one arch of y = sin x and the x-axis.  Each cross section perpendicular to the x-axis is an equilateral triangle sitting on this base.  Find the volume of the solid.
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Ex 3:  The base of a solid is the region inside the circle x2 + y2 = 4.  Find the volume of the solid if every cross section perpendicular to the x-axis is an isosceles right triangle with the hypotenuse on the base.

Ex 4:  The base of a solid is the region bounded by y = 1 – x2 and y = x4 – 1.  Cross sections of the solid that are perpendicular to the x-axis are semicircles.  Find the volume.
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We know that in general V = Ah so we can take any volume, slice it up and add up all of the little volumes.  One special volume is a volume of revolution—a volume formed by revolving a geometric shape around a line. 
What is the most convenient way of slicing these solids?  
What are the shapes?
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The cross sections of these are actually little disks or circular cylinders.  The volume of a cylinder is (r2h.  For these solids,  (r2 is the base area and h is dx.

[image: image64.jpg]FIGURE 11




[image: image65.jpg]Axis of
revolution



A region may be revolved around a horizontal or vertical axis of revolution.
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Ex 1:  Find the volume of the solid of revolution obtained by revolving the plane region R bounded by 
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, the x-axis, and the line x = 4 about the x-axis.

Ex 2:  Find the volume of the solid generated by revolving the region bounded by y = x3, the y-axis, and the line y = 3 about the y-axis.
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Ex 3:  Find the volume of the solid generated by revolving the first quadrant region bounded by   y = 4 – x2, the x-axis and the y-axis

a. about the x-axis

b.    about the y-axis

[image: image69.jpg]



Sometimes slicing a solid of revolution forms disks with holes in the middle—washers.  In order to find these volumes, it is necessary to subtract the volume of the hole.

So, if the region is rotated about a horizontal axis the volume is 
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.  And, if it is rotated about a vertical axis the volume is
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Ex 4:  Find the volume of the solid generated by revolving the region bounded by the parabolas y = x2 and y2 = 8x about the x-axis.
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Ex 5:  The semicircular region bounded by 
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 and the y-axis is revolved about the line x = -1.  Set up the integral that represents its volume.

Ex 6:  Consider the first quadrant region bounded by y2 = x, the x-axis and x = 4.  Find the volume when the region is revolved about

a. the x-axis

b. the y-axis
c. the line x = 6

d. the line y = 2

Homework – Problems:  pg 452-455, 
Day 1:  1, 2, 5, 9, 10





Day 2:  3, 7, 13, 14, 17






Day 3:  4, 19, 23, 35, 66

                       Read:  Section 6.3
Section 6.3:  Volumes by Cylindrical Shells
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include … area between curves, volumes of solids of revolution about the axes or lines parallel to the axes using disc/washer and shell methods, and volumes of solids with known cross-sectional areas.
Objectives:  Students will be able to:  


Find volume of revolved area solids using cylindrical shells
Vocabulary:  

None
Key Concept:
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There is an alternate method for finding the volume of revolution—the method of cylindrical shells.  This method is sometimes easier.

Consider the pictured region R rotated about the y-axis.  In order to use the washer method, we would need two integrals.  But what if we could use a different shape?  
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What if we sliced the solid into a number of cylindrical shells?

A cylindrical shell is a solid bounded by two concentric right circular cylinders.  
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The volume of each cylindrical shell is the volume of a rectangular prism: lhw =2(rhdr.

Just as before, we must sum all of the little cylindrical shells so that 
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Ex 1:  The region bounded by 
[image: image19.wmf]1

y

x

=

, the x-axis, x = 1 and x = 4 is revolved around the y-axis.  Find the volume of the resulting solid.
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Ex 2:  Find the volume of the solid of revolution formed by revolving the region bounded by the graph of 
[image: image20.wmf]2

y

xe

-

=

 and the y-axis (0 < y < 1) about the x-axis.
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Comparison of Disk/Washers and Shell Methods
For the disc method, the representative rectangle is always perpendicular to the axis of revolution.

For the shell method, the representative rectangle is always parallel to the axis of revolution.

Ex 3:  Set up, but do not evaluate, the integrals needed to find the volume of the solid that results when the region R shown below is revolved about

a. [image: image78.jpg]


the x-axis

b. the y-axis

c. y = -1

d. x = 4

[image: image79.jpg]Axis of revolution




Ex 4:  Consider the region R shown.  Set up an integral for the volume of the solid obtained when R is revolved about the given line.

a. the x-axis

b. the y-axis

c. x = a
d. x = b
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Ex 5:  Consider the region R shown.  Set up an integral for the volume of the solid obtained when R is revolved about the given line.

a. the x-axis

b. the y-axis

c. y = c
d. y = 3

Homework – Problems:  pg 458 – 459  Day 1:  3, 6, 9, 37          
                                                                  Day 2:  4, 7, 11, 38
                       Read:  Section 6.4
Section 6.4:  Work
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, work done.

Objectives:  Students will be able to:  


Determine the amount of work done in constant force, variable force and spring problems
Vocabulary:  

Indefinite Integral – is a function or a family of functions
Distance – the total distance traveled by an object between two points in time
Displacement – the net change in position between two points in time 
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Key Concept:       You learned in physics that work = (force)•(distance)
This assumes a constant force.

How often is force truly constant?  If a variable force is applied to an object, then calculus is needed to determine the work done; because the amount of force changes as the object changes positions.

Just as before, we will sum all of the little pieces of work.  Each of our little distances are dx.  

So, if an object is moved along a straight line by a continuously varying force F(x), then the work W done by the force as the object is moved from x = a to x = b is 
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In this course, English units of measure are used.

Ex 1:  Find the work done when a force of 
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 lb. in the positive x-direction moves an object from x = 1 to x = 6 feet.
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Hooke’s Law:  The force F required to compress or stretch a spring is proportional to the distance d that the spring is compressed or stretched from its original length.  That is, F = kd where the constant of proportionality k (the spring constant) is dependant on the specific nature of the spring.

Ex 2:  A force of 750 pounds compresses a spring 3 inches from its natural length of 15 inches.  Find the work done in compressing the spring an additional 3 inches.

Application to Pumping a Liquid:  In some applications, we wish to determine the work done in pumping out a tank containing a fluid.  A general situation is illustrated.  It shows a solid that extends along the y-axis from y = c to y = d.  We wish to vertically lift all of the pieces in the solid to the level of point Q.  
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The work required to lift the shaded portion is ((force)(distance) where distance is the vertical distance the partition is lifted to Q and force is the volume of the partition times the weight of the fluid.

Now let’s consider a specific example, step-by-step.

A tank in the shape of a right circular cone is full of water.  If the height of the tank is 10 feet and the radius of its top is 4 feet, find the work done in pumping the water over the top edge of the tank.  Assume that density of water is ( 62.5 lb/ft3

First, draw a picture illustrating the situation, 
placing it conveniently on the xy-plane.

Second, determine the shape of the partitions that will be lifted.  In this case, they are small circular cylinders so the volume of each is (r2h.
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We need the volume of each circular cylinder, so we need to define the radius of each.  That means finding the equation of the lines that define the outside of the cone.
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.  We are ready to define the force.  F is the weight of the fluid times the volume of the fluid and d is the distance the fluid is being lifted.  [a, b] is the position of the fluid.

F = ((r2h)(weight) = (
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d = 10- y

[a, b] = [0, 10]

So, 
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You can check your work by checking units.  From reading the problem, we know that the answer should be in foot pounds.
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lb

ft


ft2         ft      ft = ft-lb
Ex 3: A spherical tank of radius 8 feet is half-full of oil that weighs 50 pounds per cubic foot.  Find the work required to pump the oil 5 feet above the top of a tank.
Homework – Problems:  pg 463-464,  Day 1:  1, 2, 3, 7                    
                                                                Day 2:  4, 10, 19, 24
                       Read:  Section 6.5
Section 6.5:  Average Value of a Function
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include …the average value of a function.
Objectives:  Students will be able to:  


Find the average value of a function
Vocabulary:  


Average value – average height associated with the area under the curve between two points 
Key Concept:

In section 5.4, we defined the total change as the integral of a rate of change; i.e., 
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(see p 404)
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So the average value of a function f on an interval [a, b] 
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Geometrically this has a special meaning:

Since 
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 is the area under the curve and b – a is the width of the interval, faverage is the height of a rectangle with width b – a that has the same area as the integral.  So, the Average Value Theorem for Integrals states:  If f is continuous on [a, b] then there exists a unique number c in [a, b] such that 
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. (Area under curve = area of rectangle)

Note : f(c) = faverage
This theorem was formerly called the Mean Value Theorem for Integrals and you will still see that reference in some books.
Ex 1:  Find the average value of f(x) = 3x2 – 2x on [1, 4].

Ex 2:  Sketch the graph of f(x) = sin x over [0, (].  Then find the average value of the function over the interval and sketch the corresponding rectangle.

Ex 3:  For f(x) = x2 on [1, 4], find a value of c in accordance with the Average Value Theorem.

Ex 4:  (1988 AB 5)  Let R be the region in the first quadrant under the graph of 
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 for [0, √6]?.

a. Find the area of R.
b. If the line x = k divides R into 2 regions of equal area, what is k?
c. What is the average value of y on  [0, √6]?
Homework – Problems:  pg 467,  Day 1:  1, 3, 4, 9                 
                                                        Day 2:  7, 10, 17, 18
                       Read:  Density Notes
Section 6.x:  Density Functions
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, ….
Objectives:  Students will be able to:  


Solve problems involving density
Vocabulary:  


None
Key Concept:   slicing, based on density, rather than shape

Let’s begin by giving some examples of the units of density --

A population density is measured in, say, people/mile along the edge of a road,  people/unit area in a city, or bacteria/cm3 in a test tube.

The density of a substance (air, wood, or metal) is the mass of a unit volume of the substance and is measured in units such as grams/ cm3 .

Suppose we wish to calculate the total mass or population but the density is not constant over the region, we must divide the region into smaller pieces in such a way that the density is approximately constant on each piece.

To calculate the total mass or total population where the density varies over the region, 

· divide the region into small pieces of relatively constant density

· add up the contributions of all the pieces

· always use units in the sets ups.

Example:   Quadville is a city in the shape of a rectangle, five miles on one side and six miles on the other.  A highway runs along the side that is six miles long.  The population density x miles from the highway is given by p(x) = 20 – 4x thousand people per square mile.  What is the approximate population of Quadville?

Solution:

1. The units for the answer is “people”.  We have a density function (p(x) = 20 – 4x thousand people per square mile) that yields people per square mile so we must multiply this function by square miles in order to arrive at the answer.


2. Draw a diagram including the “slices”.

3. Determine the population of each slice.  Each of these slices has width 
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 miles and length 6 miles.  Therefore, the population of each slice is 
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4. Determine the total population: 
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Ex 1:  The density of cars in 
[image: image36.wmf]cars

mile

 down a 20-mile stretch of Route 66 starting at the Fairfax County rest area is given by  p(r) = 500 + 100 sin(πx) where x is the distance in miles from the rest area and 0 < x < 20 Estimate the number of cars in this section of Route 66.

Ex 2: The air density (in kg/m3) h meters above the earth’s surface is P = f(h).  Find the mass of a cylindrical column of air 12 meters in diameter and 25 kilometers high if  f(h) = 1.28e-0.000124h.  Write the Riemann sum and definite integral and then evaluate.

Homework – Problems:  example problem 1 and 2
                       Read:  review and study chapter 6
Chapter 6:  Review

SOLs:  None
Objectives:  Students will be able to:  


Know material presented in Chapter 6
Vocabulary:  None new
Key Concept: 
Book review problems are on pages 468-469.

Homework – Problems:  pg 468-469:  2, 7, 13, 25, 27, 30
                       Read:  Study for Chapter 6 Test

Calculator Multiple Choice

In problems 1-2, choose the answer that gives the area of the region whose boundaries are given.

1.  The parabolas x = y² - 5y and x = 3y - y²

A.  32/3

      B.  139/6

C.  64/3

D.  128/3
     E.  none of these

2.  The curve y = x³ - 2x² - 3x and the x-axis


A.  28/3

       B.  79/6

C.  45/4

D.  71/6

     E.  none of these

3.  The area bounded by the parabola y = 2 - x²  and the line  y = x - 4 is given by


A.  
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B.    
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     C.  
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D.  
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E.  none of these

In problems 4 – 7, the region whose boundaries are given is rotated about the line indicated.  Chose the answer which gives the volume of the solid generated.

4.  y = x²,  x = 2,  y = 0; about the x-axis


A.  64π/3
       B.  32π/5

C.  8π/3

D.  128π/5
     E.  8π 
5.  y = x²,  x = 2,  y = 0; about the line x = 2

A.  4π
      
        B.  4π/3

C.  8π/3

D.  16π/3
     E.  8π
6.  y = x²,  y = 4 about the line  y = -1

A.  
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B.  
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     C.  
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D.  
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E.  none of these

7.  y = sin x, x = 0, x = π, y = 0;  about the y-axis


A.  2π²

       B.  2π² - 2

C.  4π

D.  π²

     E.  ½π²
8. Approximate the arc length of the graph f(x) = cos x  on the interval [0,π] 

A.  2

       B.  3.820

C.  3.143
D.  2.438
     E.  none of these

9. A force of 900 pounds compresses a spring 5 inches from its natural length.  Find the work done in compressing the spring 4 additional inches.  (units are in inch-pounds).

A.  1620

       B.  7290

C.  720

D.  5040

     E.  none of these

Free Response

Sample AP Problem 1:  Let R be the region enclosed by the graphs of y = cos(x³) and y = x².
a. Set up and evaluate an integral that gives the area of R.

b. Without using absolute value, set up an expression involving one or more integrals that gives the volume of the solid generated by revolving R  about the x-axis.  Do not evaluate.

c. Without using absolute value, set up an expression involving one or more integrals that gives the volume of the solid generated by revolving R  about the line x = 1.  Do not evaluate.

1981 BC 6  a.  A solid is constructed so that it has a circular base of radius r cm. And every plane section perpendicular to a certain diameter of the base is a square, with a side of the square being a chord of the circle.  Find the volume of the solid.

b. If the solid described in part (a) expands so that the radius of the base increases at a constant rate of ½ cm./min, how fast is the volume changing when the radius is 4 cm?

Sample AP Problem 2:  A flat metal plate is in the shape determined by the area under the graph of 
[image: image45.wmf]1
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 between x = 0 and x = 5 (pictured at the right).  The density of the plate x units from the y-axis is given by x² g/cm2. 

a. Write a Riemann sum with 5 terms which approximate the total mass.  Is your approximation an underestimate or overestimate?  Explain.

b. Write and evaluate the definite integral which gives the exact value of the total mass of the plate.

Answers:  

1. C   

2. D   

3. C   

4. B   

5. C   

6. D   

7. A   

8. B   

9. D

Sample AP Problem 

1: a.  
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b.  
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c.  
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1981 BC 6  

a. (16/3)r³

b.  128 cm3/min

Sample AP Problem 2: 

a. Answers may vary.  Using left endpoints, you get 
[image: image49.wmf]»

7.283 g.    This is an underestimates because the graph is concave down on the interval [0, 5].   

b.  
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After Chapter 6 Test:
Homework – Problems:  None

                       Read:  Chapter 7 to see what’s coming next
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Area under the Curve

f(x)



dx

f(x)













a

b

∫ f(x) dx  = Area = ∑ rectangles (f(x)dx)

x = a

x = b








_1262268826.ppt


Example 2

1

f(x) = x² + 2 



dx

f(x) – g(x)

g(x) = -x 

∫ (f(x) – g(x)) dx  = Area = ∑ rectangles

                                                    height • width

                                             f(x) – g(x)  •  dx   

x = 0

x = 1





*
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In General

b

f(x)



dx

f(x) – g(x)

g(x)

a

top curve – bottom curve

right curve – left curve



dy

h(y) – j(y)

h(y)

j(y)

c

d

∫ (f(x) – g(x)) dx   (vertical rectangles)

x = a

x = b

∫ (h(y) – j(y)) dy   (horizontal rectangles)

y = c

y = d





*
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Area Between Curves as a Difference









a

b

f(x)



dx

f(x) – g(x)

g(x)















a

b

f(x)



dx

h = f(x)

g(x)















a

b

f(x)



dx

h = g(x)

g(x)







∫ (f(x) – g(x)) dx  = Area = Area under f(x) – Area under g(x)



                                           = ∫ f(x) dx      –        ∫ g(x) dx 

x = a

x = b

x = a

x = b

x = a

x = b





*










_1262267520.ppt


Example 1

-1

2

f(x) = ½ x² – 2 



dx

f(x)

∫ -f(x) dx  = Area = ∑ rectangles

                                       height • width

                                           f(x)  •  dx   

x = -1

x = 2





*
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Area Between Curves





a

b

f(x)



dx

f(x) – g(x)

g(x)







∫ (f(x) – g(x)) dx  = Area = ∑ rectangles

                                                 height • width

                                                 f(x) – g(x) • dx   

x = a

x = b





*










_1227165279.unknown

_1227437652.unknown

_1227165277.unknown

_1227165278.unknown

_1227165276.unknown

_1227163344.unknown

_1227163500.unknown

_1227163294.unknown

_1226555378.unknown

_1226555434.unknown

_1226555449.unknown

_1226555421.unknown

_1226555251.unknown

_1226555368.unknown

_1226555238.unknown

_1225357918.unknown

_1225358010.unknown

_1226506625.unknown

_1225357927.unknown

_1225354672.unknown

_1225357805.unknown

_1225354621.unknown

_1103022336.unknown

_1225348906.unknown

_1225352556.unknown

_1225354533.unknown

_1225348907.unknown

_1103024222.unknown

_1225348709.unknown

_1225348728.unknown

_1225348621.unknown

_1103024368.unknown

_1103024070.unknown

_1103024129.unknown

_1103023633.unknown

_1103021762.unknown

_1103022231.unknown

_1103022292.unknown

_1103022194.unknown

_1103021676.unknown

_1103021730.unknown

_1103021632.unknown

